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Abstract. The vortex-wave system is a version of the vorticity equa- 
tion governing the motion of 2D incompressible fluids in which vorticity 
is split into a finite sum of Diracs, evolved through an ODE, plus an 
U' part, evolved through an active scalar transport equation. Existence 
of a weak solution for this system was recently proved by Lopes Filho, 
Miot and Nussenzveig Lopes, for p > 2, but their result left open the 
existence and basic properties of the underlying Lagrangian flow. In this 
article we study existence, uniqueness and the qualitative properties of 
the (Lagrangian flow for the) linear transport problem associated to the 
vortex-wave system. To this end, we study the flow associated to a two- 
dimensional vector field which is singular at a moving point. We first 
observe that existence and uniqueness of the regular Lagrangian flow are 
ensured by combining previous results by Ambrosio and by Lacave and 
Miot. In addition we prove that, generically, the Lagrangian trajectories 
do not collide with the point singularity. In the second part we present 
an approximation scheme for the flow, with explicit error estimates ob- 
tained by adapting results by Crippa and De Lellis for Sobolev vector 
fields. 



1. Introduction 

The purpose of this article is to study the flow associated to a particular 
class of vector fields that contain a point singularity, which arise as weak 
solutions of the vortex-wave system. For a smooth vector field h : [0, T] x 
M2 ^ the flow of h is the unique map X : [0, T] x ^ deflned by 

{j^X{t,x)=h{t,X{t,x)) tG[0,r], 
[X(0,2;) = X G 

It turns out that, in some cases, even if b is not smooth, it is still possible to 
define an extended notion of fiow for 6, nowadays called regular Lagrangian 
flow (see, e.g., Definition 11.11 below) . In their pioneering work, DiPerna and 
Lions [7| proved the existence and uniqueness of the fiow for vector fields 
belonging to {W^^^ ) with suitable decay at infinity and with bounded 
divergence (see assumptions {Hi) and (i^s) below). The Sobolev-type reg- 
ularity assumptions on h were later relaxed by Ambrosio [1], allowing for 
BV vector fields (see assumption {H2)). There is a wide literature devoted 
to this issue, see e.g. [21 [3] and references therein for additional or related 
results. The problem we address here is that the vector field associated to 
the vortex-wave system is not BV . 
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We will focus on the case where b is given by 

(1.2) b{t,x) = v{t,x) + H{t,x), 

where the field v enters the class of vector fields considered in the theory 
of DiPerna and Lions and Ambrosio, and where H is a special vector field 
which is singular along a curve in space time. More precisely, we assume 
that the first component v satisfies the same assumptions as in [1]: 

(^i) TT^ ^ ([0,T],L1(M2)) +Li ([0,r],L~(]R2)) , 
1 + |x| 

{H;) div(t;) GLi([0,r],L-(]R2)). 

The result of Ambrosio |1] ensures existence and uniqueness of the regular 
Lagrangian flow associated to such fields. In addition, in our context, we 
require the following assumption: 

(Hi) u G ([0,r],L'?(M2)) for some 2 < g < +00. 

Next, we define our singular part H as follows. We consider a given Lipschitz 
trajectory in M?: 

(1.3) z eW^'°°{[0,T],R'^). 
We introduce the map 

K:R'\{0}^R\ K{x) = ^""^2, ^1) 



|(xi,X2)p 

and we define 

(1.4) H{t,x) = K{x-z{t)). 

Then H satisfies (Hi) and {H3): actually, it is divergence free. It does not 
satisfy (.^2) therefore such a field is not covered by the result of Ambrosio 
[T]. However note that H is smooth off of the set {{t, z{t)), t £ [0,T]}. 

The structure described by (|1.2p includes that of solutions of the vortex- 
wave system in the special case of a single vortex together with compactly 
supported vorticity, p > 1. 

Next we recall, following DiPerna and Lions and Ambrosio [1] , the def- 
inition of regular Lagrangian fiow. We denote by the Lebesgue measure 
on ]R2. 

Definition 1.1 (Regular Lagrangian flow). We say that a map X : [0,T] x 
M? — 7- is a regular Lagrangian flow for the vector fleld b if: 

(i) There exists an >C^-negligible set S* C such that for all x G \ 5 
the map t b{t,X{t,x)) belongs to L^{[0,T]), and 

X{t,x) = x+[ b{s,X{s,x))ds, VtG[0,r]. 
Jo 

(ii) For all i? > there exists > such that 

X(t, •)#(/:' LB/j) < LrC^ Vt G [0,T], 
i.e. £2 (x(t, -y^iA) n Br) < LrC^{A) for every Borel set A C M^. 
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In Section[2]we combine the abstract theory by Ambrosio [2] (Theorem l2.1l 
below), see also [3], exploiting the link between the ODE and the continuity 
and transport equations (see ()2.ip - (j2.2p ). with an extension of a renormal- 
ization result by Lacave and Miot [9] to show existence and uniqueness for 
the regular Lagrangian flow of b. Moreover, we prove the additional prop- 
erty that for C'^-a.e. x € the trajectory starting from the point x does 
not collide with the singularity point. More precisely, we prove the following 
theorem: 

Theorem 1.2. Let b be as in ()1.2p . where v satisfies (Hi) — {H2) — {H3) — 
{H4) and where H is given by ()1.4p . Then there exists a unique regular 
Lagrangian flow. Moreover, for C^-a.e. x G we have 

X{t,x)^z{t), VtG[0,r]. 

Observe that, by the very definition of regular Lagrangian flow, the ab- 
solute continuity of the measure X{t, with respect to implies, by 
Fubini's theorem, that for C^-a.e. x G we have X{t, x) 7^ z{t) for >C-'^-a.e. 
t G [0,r]. The main point of Theorem II .21 is that collisions between the La- 
grangian trajectories and the singularity point are avoided for all t G [0, T]. 
Indeed Proposition 12.31 yields a quantitative control of the amount of La- 
grangian trajectories getting closer than e to the point singularity: the proof 
of this proposition uses the additional assumption {H4). We mention that 
an analogous control on the trajectories was performed in the setting of the 
Vlasov-Poisson equation with singular fields by Caprino, Marchioro, Miot 
and Pulvirenti [5j. 

In the second part of this work we present an effective construction of 
the regular Lagrangian flow by an approximation argument. In contrast 
with the point of view adopted in the first part, this construction does not 
rely on the link between the ODE and the PDE. Moreover, we provide a 
quantitative rate of convergence, by extending to our setting the estimates 
performed by Crippa and De Lellis [6] for vector fields without singular part. 
We restrict ourselves to vector fields satisfying the stronger assumptions: 

{H[) V e L'=^{[0,T] xR^), 

{H2) Vv G L^ ([0, T],LP{R^)) for some l<p< +00, 
{H',) div(t;)GLi([0,r],L-(M2)). 

In Section [3] we define a suitable smooth approximation (6n)nGN of b, and 
we denote by Xn the unique corresponding classical flow. We prove the 
following theorem: 

Theorem 1.3. Let v satisfy {H[) - {H'^) - (H^). Let R> 0. There exists 
R and C , depending on R, T, ||v||j;^oo(2,°o), ||div (f)||j;^i(j;^oo), || Vu||j;^i(j;^p), and 
\\z\\y/i,oo, such that, denoting by 

6{n,m) = \\bn - bm\\L^{[0,T]xB^) 

the following estimate holds: 

f C 

/ sup \Xn{t,x) - Xmit,x)\dx < -—— —jr. 

JBRte[o,T] I In ()(n,m) I 
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In particular, {Xn)neN is a Cauchy sequence in L^^^ (M^,L°° ([0, T])), hence 
for C^-a.e. x gM? the sequence converges uniformly to X{-,x) 

on [0, T] , where X is the regular Lagrangian flow relative to b as in Theorem 



To conclude this introduction, we describe the vortex- wave system and the 
connection between the present work and this system. In two-dimensional 
incompressible fluids, we consider a flow with initial vorticity consisting of 
the superposition of a diffuse part ojq G for some p > 1 and a point vortex 
located at zq € M^, with unit strength. The evolution of vorticity can be 
described by a system of equations called the vortex-wave system (with one 
single point vortex): 



(1.5) 



' dtuj + {v + H)-Vuj = Q 
V = — K * 00 

H{t,x) = —K{x-z{t)) 
zvr 

{z{t) = v{t,z{t)). 



This system was introduced by Marchioro and Pulvirenti [111 I12j . There 
are two natural notions of weak solution for this system, one is a solution 
in the sense of distributions, called Eulerian solution, while the other is 
a solution for which the diffuse part of the vorticity is constant along the 
trajectories of the flow, called Lagrangian solution, see [H |9] for precise 
definitions. (By 'trajectories of the flow' we mean the flow associated to 
the vector field b = v + H above.) In |1H I12j . Marchioro and Pulvirenti 
established global existence of a Lagrangian solution with w G L°°(L^nL°°). 
In [8j, Lopes Filho, Miot and Nussenzveig Lopes established global existence 
of an Eulerian solution with vorticity lo € L°^{L^ HL^), with p > 2. For any 
p > 2 Lagrangian solutions to the vortex-wave system are Eulerian. The 
converse was left open in [8]. The issue of the Lagrangian formulation is 
the natural requirement that flow trajectories should not collide with the 
point vortex. When p = +oo, almost-Lipschitz regularity for the velocity 
(l/2'ir)K * u enables to define flow trajectories in the classical sense, which 
do not intersect with the point vortex, starting from any x ^ zq |lll IT2] . For 
p < +00 this property is unclear. In Section HI we use the results established 
in Sections [2] and [3] to show that any Eulerian solution with lo £ L°°{L^r\U'), 
p > 2, gives rise to a regular Lagrangian flow such that lo is constant along 
the flow trajectories, which do not, generically, collide with the point vortex. 
As it happens, when p > 2, the assumptions {H[) — {H2) — {H'^) are all 
satisfied and, in particular, the point vortex trajectory t 1— > z(t) is Lipschitz. 



2. Proof of Theorem 11.21 

In the theory of DiPerna and Lions and Ambrosio [HEll^i the existence, 
uniqueness and the stability properties of the flow associated to a field b are 
linked to the well-posedness of the corresponding continuity equation 

(2.1) dtu + div (6m) = on (0, T) x u{0) = uq 
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and transport equation 

(2.2) dtu + b-Vu = on(0,T)xM^ u{0) = uq. 

Note that one passes formally from the ODE to the continuity and transport 
equations by noticing that if X solves then X{t, ■)#uq solves ()2.ip . and 
uooX{t, ■)~^ solves ()2.2p . In the non-smooth case, we consider distributional 
solutions to ()2.ip and ()2.2p . Such distributional formulations make sense as 
soon as bu and udiv (6) belong to L^^^. 

As a matter of fact, we have the following general abstract result due 
to Ambrosio [2], somewhat extending this connection to the non smooth 
context: 

Theorem 2.1 (Ambrosio [2], Theorems 3.3 and 3.5). Let b be a given vec- 
tor field in Lf^^{[0,T] X M?). If existence and uniqueness for (j2.ip hold in 
L°° (L^ n L°°) then the regular Lagrangian flow of b exists and is unique. 

And, besides, existence and uniqueness for ()2.ip hold for vector fields 
satisfying the assumptions [Hi) - {H2) - {H3) or {H[) - [H'^) - {H'^) [HIT]. 

Now, in the case where b is given by (|1.2p . the PDE well-posedness results 
cannot be applied directly because of the singular field H. However, the 
following holds: 

Proposition 2.2. Let b be given by (|1.2p . 

(1) Let V satisfy the assumptions {Hi) — {H2) — {H3). Let uq & L^ Ci L°° . 
Then (|2.ip has a unique solution u G L°° (L-^ n L°°) . 

(2) Let V satisfy the assumptions {H[) — {H'2) — {H^). Let uq & L^ Ci L'^ , 
with r > 2. Then (j2.ip has a unique solution u£ L°^ {L^ n L" ) . 

Proof. First, existence of a distributional solution follows in both cases from 
standard regularization arguments. 

The argument for uniqueness is strictly analogous to the one of Lacave 
and Miot [9]. We give the main lines for the reader's convenience. First, 
using the by now standard methods introduced in [U [7] , it suffices to show 
that any solution u satisfies the renormalization property: 

(2.3) dt\u\ + div {{v + H)\u\) = 0. 

The arguments leading to (j2.3p put together computations as in for case 
(2), and [1] for case (1), with the renormalization property for the single 
vector field H in both cases, i.e. 

(2.4) dt\u\ + div {H\u\) = on(0,r)xM2. 

As in [9], we first observe that (|2.4p holds on the complement of the set 
{{t,z{t)), t e [0,r]}. We next establish ([MD in (0,r) x M^. Let 99 G 
C~((0,r) X and let x e C°°(M2) be a radial function such that < 
X < 1, X = on Bi/2 and x = 1 on B^. For e > we set Xeit^^) = 
xi{x — z{t))/e) and (pe = ^pXe- Since is compactly supported off the set 
{{t,z{t)), t G [0,T]} we know that 

jj \u\xe{dtV + H ■ V Lp) dx dt 

+ 11 \n\y, (^-^ -Vxl^^^^^ + H{t,x) ■Vxe{t,x)^ dxdt = 0. 
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We remark that H-Vxe = 0. Therefore in view of the bound on i the second 
term vanishes when e tend to and we finally obtain (j2.4p by applying 
Lebesgue's theorem to the first term. □ 

Combining Part (1) of Proposition 12.21 and Theorem 12.11 we obtain the 
existence and uniqueness of the regular Lagrangian flow X in Theorem 11.21 
Therefore we only have to prove that for >C^-a.e. x G no collision between 
X{t, x) and z{t) occurs on [0, T]. This is a direct consequence of the following 

Proposition 2.3. For < e < 1 and R> 0, let 



P(e,R) = <x £ Br\S s.t. min \X{t,x) - z{t)\ < e) , 
I t6[o,T] J 

where S is as in Definition \l.l\ Then 

C\P{e,R)) < C{T,Ln, \\v\\l^^l,) + ||i||Loo)e^-|. 

Proof. We adapt the strategy introduced in for the Vlasov-Poisson equa- 
tion. Here, we set a = 1 — 2/(7 > 0. We introduce 

AT = Ae^, 

where < A < 1 is a parameter to be determined later, and where 

1 - l/q 

We set 

" T 

N 



AT 



1 



and we define 

ti = iAT, i = 0,... ,N, tN+i = T, 

so that 

AT 

[0,T] = \J[U,ti+i] with < AT, Vi = 0,...,7V. 

1=0 

We first consider the case 2 < g' < +00. We set 

A = l^xeBR\S: j^^^' \v{s,X{s,x))\'i ds <e-", Vi G {0, . . . , 7V}| 
and for i G {0, . . . , N} we set 

Bi = i^x e Br\S : Jj^' \v{s,X{s,x))\i ds > . 

By Chebyshev's inequality and Fubini's theorem we have 

fti+i 



\v{s,X{s,x))\'^ ds dx 



= [ \v{s,X{s,x))\'' dxds. 

Ju Jbr 

Using Property (ii) in Definition 11.11 for X[s, •) and (-^4) we get 
C.^{Bi) < LRe°'\\v\\i^^(^iq){ti+i — ti). 
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Therefore 

(2.5) £2 < L^T||t;||ioo(i,)e°. 

Then, let x G P{e, R) Ci A and let sq G [0, T] such that 

|X {so,x) - z{so)\ < e. 

We can assume that sq G for some i G {0, . . . , A^}. Let si < tj+i 

maximal such that \X {t,x) — z{t)\ < 2e on [so,si). If si = tj+i then x G 
X{ti+i, ■)~^{B{z{ti+i),2e)) n Br. We assume then that si < tj+i. For C^- 
a.e. i G [sol's!) we have X{t,x) = b{t, X{t,x)). Now we observe that, even 
though b is not uniformly bounded, the modulus \X{t,x) — z{t)\ is Holder 
continuous in time on the set A. Indeed, for £^-a.e. t G [soiSi) such that 
X{t,x) 7^ z{t) we get, using that 

K{y) ■y = 0, Vi/ e \ {0}, 



hence 
(2.6) 



l\Xit,x)-zit)\ 



< \vit,Xit,x))\ + |i(t)|. 



Hence for all t G [sqi si] we have by Holder inequality 

d 
ds 



* d 

X{t,x)-z{t)\ = \X{so,x)-z{so)\+ I —\X{s,x) - z{s)\ds 



so 

<e+ \v{s,X{s,x))\ds + / \z{s)\ds 

J So J So 

< e + (ti+1 - tj)^"9 \v{s,X{s,x))\'^ ds^ + \\z\\L^{ti+i - ti). 

Finally, by definition of the set A and by definition of /3 > 1 we get 

\X{t,x) - z{t)\ < e + A^"i/^^"i^"t + ||i||L-Ae^ 
< e + X ie + ||i||LooAe. 

Now we choose A so that 

A 9 + ||i||iooA < 1. 

For this choice of A we obtain \X{si,x) — z{si)\ < 2e, which contradicts the 
definition of si and shows that we must have si = tj+i. It follows that 

N 

A n P{e, R)c(j X{ti+i, {B{z{U+i),2e)) n Br. 
Therefore in view of (ii) in Definition 11.11 

N 

C\AnP{e,R))<Y,^^{xiti+i,-y'iB{z{U+i),2e))nBR] 

i=0 

< (iV + l)LR(47re2) 
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and finally 

(2.7) C}{A n P(e, R)) < AtiLrTX-^e^-^ . 

Combining ()2.5p . ()2.7p and using the definition of A we obtain 

C\P{e, R)) < C{T, Ln, lbllL-(L.), l|i||L-)(e" + e'"^)- 
Since 2 — /3 = a, this yields the conclusion. 

We now study the case where q = oo, which is easier and does not require 
to introduce the sets Bi and A. Indeed, let x G P{e,R). Coming back to 
()2.6p and proceeding similarly as before we obtain for s G [sq, si) 

\X{t,x) - z{t)\ <e + Ae(||?;||ioo(ioo) + ||i||L°°) < 2e 
provided that 

Ae(||?;||ioo(i<x=) + \\z\\l°°) < 1- 

This shows that 

N 

Pie,R) c\Jx{U+irr\B{z{ti+i),2e))nBR, 

i=0 

and the conclusion then follows as before. 

□ 

3. Proof of Theorem 11.31 

We start by defining the smooth approximation involved in Theorem 1 1.31 
Let {pn)neN be the usual sequence of Priedrichs mollifyers. Let Vn = Pn * v 
and let ^ 

^n{x) = — X € 

which defines a globally bounded, divergence free and smooth vector field 
on M^. We finally set 

bn{t,x) = Vn{t,x) + Knix - z{t)). 

We first remark that x) — z{t)\)n£n is uniformly Lipschitz in time 

even though 6„ ^ L°°. Indeed, by the same computation leading to ()2.6p . 
using that Kn{y) • y = and {H[), we have 

(3.1) 

— \Xnit,x) - z{t)\ < \Vnit,Xn{t,x))\ + \z{t)\ < ||f ||i<x=(^^) + \\z\\l^. 

In particular, we have the local equiboundedness property 

(3.2) ll-'^nll L^{[0,T]xBfl) — + + (||w||l°°(L°°) + ll^lli"")^- 
On the other hand, since div (6„) = Pn* div [v) we infer from (-^3) that 

(3.3) sup / {hn){s)\\L°° ds < Lq < 00. 

n>0 Jo 

In particular it follows from the standard theory on Jacobians that 

(3.4) x„ (*,•)#/:' < e^^c^ yt G [o,r]. 
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Part of our subsequent analysis is borrowed from [6]: we introduce 

R = R + 2\\z\\l^ + {\\v 11^00(^1^00) + ||i||ioo)r 

and 

6{n,m) = \\bn - fem||Li{[0,T]xB^)- 

We consider the positive quantity 

(3.5) gn,ni = / sup In hi dx. 



'BfitG[o,T] V d{n,m) 
Lemma 3.1. We have 

9m,n < C| In (5(n,m) 1 
where C depends only on R, T, Lq, ||v||loo(^oo), ||i||x,cxj, and || Vf H^i^^p). 

From now on C will denote a positive constant depending only on R, T, 

Lq, \\v\\l^(l°°), and \\Vv\\li(^lp)- 

Before proving Lemma 13.11 we show how it implies Theorem 11.31 In the 
following we will sometimes write 6 instead of 6{m,n). 

Proof of Theorem 11.31 with Lemma 13.11 

We fix 7/ > to be determined later. By Chebychev's inequality and 
Lemma |3. II we can find a set K C Br such that C^{Br \ K) < t] and 

(3.0) .upl„fl■^'^"■^>-/^^^"■-'>^l)<^l'■'^l'^^ tor . . K 

telo,T] \ J V 

Using ()3.2p . it follows that 

/ sup \Xnit,x) - Xm{t,x)\dx 

J Br te[o,T] 

< / sup \Xn{t,x) — Xm{t,x)\dx + / SUp \Xn{t, x) — Xm{t, x)\ dx 

J Bii\K t€[0,T] JKt€[0,T] 

<CC^{Br\K) + C sup sup \Xn{t,x)-Xm{t,x)\ 
x&Kt£[0,T] 

<c(ri + 6exp (C| In 5 /??)), 



where we have used p.6p in the last inequality. We finally optimize the 
choice of the parameter r] as follows. We set 

= 

|ln5|V3' 

so that exp(C| In^p/^/r;) = exp(| ln5|/2) = 6^^/"^. This yields 
f C 

(3.7) / sup \Xnit,x) - Xrn{t,x)\dx < -—— —-pr. 

JBfitG[o,r] |ln(5(n,m)|V3 

In particular, we infer that {Xn)n£'N is a Cauchy sequence converging to some 
Y : [0,T] X M2 ^ ]R2 in the space L^^^ (M^ ([0,T])). Finally, the fact 
that Y is the (unique) regular Lagrangian flow associated to b is standard, 
and we omit the proof. □ 
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Remark 3.2. Given the strong convergence of {Xn)neN to X together with 
the uniform bound (j3.4p we infer that under assumptions {H[) — {H'2) — (H^) 
the constant L/j in Definition 11.11 actuahy does not depend on R. 



We finally give the 
Proof of Lemma 13. IL 

Let e > be a small parameter to be chosen later. We consider the set 

P(n,e) = < X eM."^ s.t. min iXJt.x) - z(t)\ < e 
[ te[o,T] 

Using Proposition 12.31 applied to Xn, with q = 00, and thanks to ()3.4p . we 
obtain 

(3.8) C^{P{n,e)) <Ce, 

where C depends only on T, Lq, \\v\\ 100(^^^00^, \\z\\loo, and || Vv||ii(£,p). Next, 

9n,m — Qn,in ~\~ ^n,mi 

where 

r f 1 f \Xn{t,x)-X^{t,x)\ , ^ 

yn,m = / sup In hi dx, 

J Bii\[P{n,e)UP{m,e)] iG[0,T] \ ^ J 

R f 1 f\X^t^c)^^X^t^^,\ r 

On,m = / sup In hi dx. 



' P{n,e)UPim,e) te[0,T] V ^ 
By (I32D and 
(3.9) Bn,m<C\ln5\e. 

We next estimate the second part, for which we can adapt the proof of 
Theorem 2.9 in [S] for Sobolev vector fields since H is regular off the set 
{{t,z{t)),t G [0,r]}. We have 

f \Xn{t,x)-Xm{t,x)\ , ^ 

sup In ( h 1 



te[o,T] 

< 



^ d d 

—Xn{T,x) - —Xm.{r,x) 

dt dt 



\Xn{T,x) - Xm{T,x)\+5) ^ dr 



T 



bn (r,X„(r,x)) - bm (r, Xm(r, x))] 



~ Jq \Xn{T,x) - Xm{T,x)\ + 6 

Writing 

bn{Xn) - bm{Xm) = [bn{Xn) - fem(X„)] + [6™(X„) - 5^(X^)] 

we further obtain Gn,m < ^n,m + ^n,m> where 
1 

and 

g2 = r I |6,n (t, Xnjr, x)) - bm (r, X^jr, 

Jo J BR\[P{n,e)UPim,e)] \Xn{T, x) - Xrn{T, x)\ 



Gnm = jl / \bn{T,Xn{T,x)) - bmiT,Xn{T,x))\ dxdr 
'Br 
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By definition of R and by ()3.4p and ()3.2p we obtain 

(3.10) gi,n<^j j \bn-bm\{r,y)dydT = e^\ 

We now estimate Q^n- Let < Xe < 1 be a smootli function such that 
= on i?(0,e/2) and = 1 on i3(0,e)'^ and let 

Hm,e{t, X) = {KmXe){x - z{t)), bm,£ = f m + Hm,e- 

For X e Br \ [P{n, e) U P{m, e)] we have bmir, Xnir, x)) = 6m,e(T, X„(r, x)) 
and 6m(T,X„(r, x)) = 6„,e(r, X„,(t, x)) for r e [0,r]. 

In the following Mf denotes the maximal function of /. Using the classi- 
cal estimate of the difference quotient of a function in terms of the maximal 
function of the derivative (see e.g. Lemma A. 3 in [6]) we find 



^ ^ bm,e (t,X„(t,x)) - bm,e (t,X^(t,x))| 

Br \Xn{T,x) - XmiT,x)\ 

T 



dx dr 



<C [ [ [MVbm,e (r, X„ (r, x) ) + MVbm,e (t, Xn{T,x))] dx dr. 
Jo J Bu 



'Br 

By using ()3.2p and ()3.4p we get 

rT 



<Ce^° / / \MVbra,e{T:y)\ dy dr 
Jo Jb^ 

< Ce'^^R'-^'P r \\MVhm,e{rmLnB,)dT 

Jo 

< Ce^'^R^~^/p(^\\Vvm\\mLP) + ||VF^,e||ii(iP) 
In view of (-^2) o^ expression of Hm,e we get 

(3.11) Gl,n < ^ < §■ 

e p 

We gather ([32]), ([3J0]l and (fXTTT) . obtaining 

9m,n < C{e\ln6\+e"^). 
We now optimize our choice of e, setting e = \ ln5|~^/^, so that 

5m,n<C|ln5|2/3 

and the conclusion of Lemma |3 . II follows . □ 

4. LAGRANGIAN SOLUTIONS TO THE VORTEX-WAVE SYSTEM 

We finally comment on the applications of the previous results to the 
vortex- wave system (|1.5p . Two notions of weak solution for the vortex- wave 
system have been introduced: Eulerian solutions and Lagrangian solutions, 
see [HIIS]. These notions coincide when the vorticity uj belongs to L°°{L^ n 
L°°) [T ^ [5]. In [H] the authors establish global existence of an Eulerian 
solution with co belonging to L°°{L^ n L^) for p > 2. We claim that to this 
Eulerian solution corresponds a unique regular Lagrangian flow and that oj 
is constant along the flow trajectories. Indeed, if p > 2 then v = * oj 
satisfies all assumptions [H[) — {H'2) — (H!^), therefore also (Hi) — {H2) — 
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— {H4). Hence, in view of Theorems 1 1 . 2 1 and 1 1 . 31 of the present article, 
there exists a unique regular Lagrangian flow associated to the divergence 
free velocity field h = v + H . Moreover, it can be readily checked (adapting, 
e.g., the proof of Theorem 1.3 in [9]), that the function u) = X{t, ■)^ujq is a 
distributional solution in L°^{L^ n LP) of the PDE 

dtuj + {v + H) ■ Vuj = 0, bj{0) = uq. 

Now, invoking the uniqueness part of Proposition 12.21 we obtain co = u), 
which establishes our claim. 

Finally, we mention that Theorems II .21 and 11.31 can be extended to vector 
fields H containing several point singularities 

N 

H{t,x) = Y,diK{x-Zi{t)), diGM, 

i=l 

under the condition 

min min \zi(t) — Zi(t)\ > 0, 
i^j te[o,T] 

which corresponds to the interaction of several point vortices in the setting 
of the point vortex system. 
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